Intramolecular singlet fission (iSF) materials provide remarkable advantages in terms of tunable electronic structures, and quantum chemistry studies have indicated strong electronic coupling modulation by high frequency phonon modes. In this work, we formulate a microscopic model of iSF with simultaneous diagonal and off-diagonal coupling to high-frequency modes. A non-perturbative treatment, the Dirac-Frenkel time-dependent variational approach is adopted using the multiple Davydov trial states. It is shown that both diagonal and off-diagonal coupling can aid efficient singlet fission if excitonic coupling is weak, and fission is only facilitated by diagonal coupling if excitonic coupling is strong. In the presence of off-diagonal coupling, it is found that high frequency modes create additional fission channels for rapid iSF. Results presented here may help provide guiding principles for design of efficient singlet fission materials by directly tuning singlet-triplet interstate coupling.
Intramolecular singlet fission (iSF) materials provide remarkable advantages in terms of tunable electronic structures, and quantum chemistry studies have indicated strong electronic coupling modulation by high frequency phonon modes. In this work, we formulate a microscopic model of iSF with simultaneous diagonal and off-diagonal coupling to high-frequency modes. A non-perturbative treatment, the Dirac-Frenkel time-dependent variational approach is adopted using the multiple Davydov trial states. It is shown that both diagonal and off-diagonal coupling can aid efficient singlet fission if excitonic coupling is weak, and fission is only facilitated by diagonal coupling if excitonic coupling is strong. In the presence of off-diagonal coupling, it is found that high frequency modes create additional fission channels for rapid iSF. Results presented here may help provide guiding principles for design of efficient singlet fission materials by directly tuning singlet-triplet interstate coupling.
I. INTRODUCTION
Singlet fission (SF) is a multielectron process in which a singlet exciton generated by light irradiation is converted to two triplet excitons. [1] [2] [3] In 1965, SF was first coined to explain photophysics in anthracene crystals. [4] In recent years, interest in SF has been renewed because of its potential to increase maximum efficiency of organic solar cells. [5] [6] [7] As a result, SF has been studied in various organic materials of polyacenes, [8] polyenes, [9] and other chromophores, such as perylenediimide and tertbutyl-substituted terrylenes. [10, 11] To date, most efforts have been dedicated to understanding intermolecular singlet fission (xSF), in which a singlet state on one molecule couples with the groundstate of neighboring molecules to form an intermolecular correlated triplet pair. The xSF mainly involves conventional SF materials, such as crystalline solids of pentacene, [12, 13] tetracene, [14, 15] and other organic materials. [10, 16] Mechanisms of xSF have been the focus of many ultrafast spectroscopic measurements [3, [12] [13] [14] [15] and extensive theoretical studies based on dynamics simualtions [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] and electronic structures calculations. [27] [28] [29] [30] [31] However, due to intermolecular nature of xSF, the efficiency of this process is highly sensitive to geometric stacking, crystal environment, sidegroup, and other factors. [24, [32] [33] [34] Devices based on xSF which manipulate crystal packing are limited by the lack of high throughput processing strategies of developing highly ordered molecular structures. Difficulties in engineering molecular packing morphology have promoted the development of intramolecular singlet fission (iSF), in which the two long-lived triplets are located on the same molecule. [35] Achieved in 2015, [36] iSF materials offer great advantages in terms of tunable molecular and electronic structures, and have included a series of chromophore dimers with a conjugated linker,[37- * Electronic address: YZhao@ntu.edu.sg 41, 41] such as covalently coupled pentacenes, [42, 43] and a covalent tetracene dimer. [37] Recent transient absorption measurements for diphenyl-dicyano-oligoene groups (DPDC n ) molecules have shown that xSF occurs in DPDC n in acetonitrile solution, while in DPDC n solid films, iSF dominates. [44, 45] Based on these findings, Trinh et al. suggested that efficient SF can be achieved by independent tuning of singlet-triplet pair coupling and triplet pair splitting. [45] However, a limited understanding of detailed xSF and iSF mechanisms hinders the design of versatile SF materials. In particular, a unified treatment of phonon effects remains elusive [19, 20, 40, 42, 46] .
In organic crystals, fluctuations in electronic energies are induced by intramolecular vibrations. [19, 20] (Note that this type of exciton-phonon coupling is often called diagonal coupling.) Recently, ultrafast spectroscopic measurements in the xSF materials have shown that phonon modes coupled to electronic excitations play a crucial role in the xSF process. [47] [48] [49] In particular, high-frequency modes of pentacene derivatives [46, 50, 51] and crystalline tetracene [52, 53] are found to facilitate efficient fission by resonances between vibrational modes and energy splittings of electronic states. On the other hand, intermolecular vibrations of the crystals induce off-diagonal exciton-phonon coupling which modulates the electronic coupling between the singlet and triplet pair state. Berckelbach et. al have considered the offdiagonal coupling in acene crystals and demonstrated that it plays a minor role because frequencies of the intermolecular vibrations are significantly lower than the energy difference between the singlet and the triplet pair state. [20] Effects of those forms of exciton-phonon coupling on xSF are usually restricted to particular materials such as perlenediimide crystals [54] . In contrast, in the context of iSF, the transition between the singlet state and triplet pair state occurs within a covalently linked dimer, and thus intramolecular vibrations of the linker part may induce fluctuations in the electronic coupling. Indeed, quantum chemical calculations of the covalent tetracene dimer demonstrated that high frequency in-tramolecular vibrations induce nonnegligible off-diagonal coupling as well as diagonal coupling. [37] The two kinds of coupling have been found to be tunable in a typical iSF molecule by changing linker types and by engineering dihedral angles between the chromophore units and the linker. [38, 42, 43] The corresponding iSF dynamics has been obtained by treating the exciton states quantum mechanically and phonons classically, indicating that SF time scales vary with the linker types. [40, 41] Those investigations on exciton-phonon coupling are believed to have helped understand fast iSF observed in a broad range of organic molecules. However, detailed iSF mechanisms under the influence of simultaneous diagonal and off-diagonal exciton-phonon coupling remain ill understood, and thus a full quantum dynamical investigation is required for the elucidation of this issue.
Impacts of off-diagonal coupling on exciton dynamics in organic crystals have been investigated previously by the Munn-Silbey theory [55] [58, 59] Within the framework of the Dirac-Frenkel time-dependent variation, accuracy of the method can be carefully monitored by quantifying how faithfully our result follows the timedependent Schrödinger equation. In this work, this variational method will be employed to explore effects of offdiagonal coupling on iSF dynamics, and to demonstrate that high frequency phonon modes may open up additional fission channels for rapid iSF in the presence of off-diagonal coupling.
In this letter, we focus on a dimer model of the iSF dynamics on the basis of the four-electron four-orbital basis. [1, 35] A simple scheme is considered for the iSF process, |g → |S 1 → |TT , where |g denotes the electronic ground state, |S 1 is the singlet state, and |TT represents the correlated triplet pair state. In some organic materials, the iSF and xSF processes may be accelerated by a mediated pathway, in which the singlet state converts to a triplet pair state via the charge transfer (CT) state. Quantum chemistry calculations of acene derivatives have demonstrated that the energy of the CT state is significantly higher than that of the singlet excited states, [28, 31] and CT states have been found not to participate in xSF process as actual intermediates between S 1 and TT. [20, [22] [23] [24] [25] [26] Moreover, using electronic structures calculations and transient absorption spectroscopy, iSF has been demonstrated to occur via a direct coupling mechanism that is independent of the CT states in the covalent pentacene dimer [42] and tetracene dimer. [37] Therefore, we assume that the sole effect of the CT states is to effectively couple the S 1 and TT states. We employ a system-bath Hamiltonian describing the both diagonal and off-diagonal coupling, H =Ĥ sys +Ĥ bath +Ĥ sys−bath .
First term ofĤ is the system Hamiltonian, and is chosen to be that of an electronically diabatic Hamiltonian for |g , |S 1 and |TT
where ǫ ng is the Franck-Condon energy associated with electronic transition from |g to |n , and J S1,TT is strength of the interstate coupling between S 1 and TT. J S1,TT includes the contribution of the direct coupling between S 1 and TT based on the two electron integrals [1, 19] as well as that of the effective coupling created by quantum mixing of CT and electronic states. Second term ofĤ represents the bath HamiltonianĤ bath , and is given byĤ
where ω q indicates the frequency of the q-th mode of the bath with creation operator,b † q , and annihilation operator,b q . Third term ofĤ represents system-bath coupling,Ĥ sys−bath , and is given bŷ
where we have defined operatorsÊ x = ω q g q (b † q +b q ) and E y = ω q c q (b † q +b q ). g q and c q are the diagonal and offdiagonal exciton-phonon coupling strength between the system and q-th mode, respectively. λ mn represents the reorganization energy associated with the transition from |m to |n , and λ
mn is the amplitude of fluctuations in interstate coupling between |m and |n . Details of both types of coupling are given in Appendix. The diagonal coupling describes fluctuations in the electronic energies induced by intramolecular vibrations, whereas the term of the off-diagonal coupling attributes to the fluctuations in electronic coupling induced by intramolecular and intermolecular vibrations, as mentioned above. The spectral density J α (ω) (α = x, y) is a useful measure for characterizing various forms of exciton-phonon coupling, and can be evaluated in terms of g q (c q ) as
In this study, we model the diagonal coupling spectral densities using underdamped Brownian oscillators with
where ω diag is the vibrational frequency and γ diag is the vibrational relaxation rate. In the iSF materials, the dominant contributions to off-diagonal coupling are from the intramolecular vibrations. Similarly, we model the off-diagonal coupling spectral densities as
where ω o.d. is the vibrational frequency and γ o.d. is the vibrational relaxation rate. The multiple Davydov trial states with multiplicity M , which are essentially M copies of the corresponding single Davydov Ansatz, [58] [59] [60] [61] [62] have been developed for the Holstein model and the spin-boson model. In the two level system description of the iSF process, one of the multiple Davydov trial states, the multi-D 2 Ansatz with multiplicity M , can be constructed as [58, 59, 63, 64] 
where H.c. denotes the Hermitian conjugate, and |0 vib is the vacuum state of the bosonic bath. c in (t) is timedependent variational parameter for the amplitudes in states |n , and f iq (t) denotes the phonon displacements, where i and q label the i-th coherent superposition state and q-th effective bath mode, respectively. If M = 1, the multi-D 2 Ansatz is reduced to the usual Davydov D 2 trial state. The time dependent variational parameters c in (t) and f iq (t) are determined by adopting the Dirac-Frenkel variational principle. Detailed derivation of equations of motion for variational parameters are given in references elsewhere [58, 59, 62, 63] and the Appendix.
To obtain numerical solutions to the equations of motion for the variational parameters, the continuum spectral densities J x (ω) and J y (ω) need to be discretized. In this study, the method of linear discretization is employed. The displacement g q for each ω q is given by g
. With respect to off-diagonal coupling, the displacement c q for each ω q is given by c
The validity of our variational method for SF dynamics is carefully examined by quantifying how faithfully our result follows the Schrödinger equation in balance with the computational efficiency, as details are given in the Appendix.
Below we present and discuss numerical results regarding iSF dynamics in the dimer model. A simple dimer model including two excitonic states S 1 and TT is adopted, and our focus is on the effect of two intramolecular vibration modes, one of which is diagonally coupled ( ω diag ) to the exciton states, and the other, offdiagonally coupled ( ω o.d. ). A Huang-Rhys factor of 0.7 is chosen for S 1 , which is estimated from fitting measured absorption spectra of acene derivatives with a theoretical spectroscopic model. [65] [66] [67] It is found that the reorganization energy of TT is several times larger than that of S 1 in pentacene derivatives and tetracenes, and the off-diagonal coupling strength is one order of magnitude smaller than the diagonal coupling strength, [24, 68] such that the Huang-Rhys factor of TT is set at S TT = 2S S1 throughout this work, and the off-diagonal coupling Huang-Rhys factor S o.d.
) is chosen to be 0.1. To be in line with the beating lifetime due to vibrational coherence in 2D electronic spectra of pentacene derivatives, [48] the vibrational relaxation rates are set to γ
o.d. = 1 ps. As the initial condition for our numerics, only the singlet state is excited according to the Franck-Condon principle. It has been suggested that efficient SF can be achieved by tuning the S 1 -TT interstate coupling and triplet pair splitting independently. [45] As shown in our Hamiltonian (2), excitonic coupling J S1,TT determines the direct S 1 -TT coupling. If the frequencies of the vibrational modes ω diag and ω o.d. are high compared with the thermal energy k B T , the intramolecular vibrations are thermally inactivated, and the fission dynamics driven by the high frequency modes is temperature independent in a wide temperature range. [46] Thus, in this study, temperature is set to be T = 0 to reduce the numerical cost, although the inclusion of the temperature effect in the multiple Davydov Ansatz is straightforward by applying Monte Carlo importance sampling. [62] We first look into a scenario with weak excitonic coupling J S1,TT = 20 meV and the transition energy ǫ S1,g − ǫ TT,g = 100 meV, both of which are typical values for the SF process in pentacene derivatives. [20, 24, 48] As shown in Fig. 1(a) , the oscillation amplitude of population of S 1 is 0.13 in the absence of exciton-phonon coupling (green line). Despite weak direct coupling, it is suggested that strong mixing between S 1 and TT can be allowed with the assistance of exciton-phonon coupling. [19, 42] In the presence of diagonal exciton-phonon coupling the high frequency phonon modes have been shown to facilitate the efficient SF if excitonic coupling is weak. [46] Here we study the impact of off-diagonal coupling on SF dynamics. As shown in Fig. 1(a) , the population of
Ansatz, decays to 0.4 at long times, signaling an efficient SF process. For this scenario, the emission of a single off-diagonally coupled phonon can relax the initial singlet excitation to a double triplet state. [54] Consequently, the presence of offdiagonal coupling changes the SF process substantially if excitonic coupling is weak.
Next we turn to a case with strong excitonic coupling J S1,TT = 80 meV and transition energy ǫ S1,g − ǫ TT,g = 30 meV, as strong excitonic coupling has been achieved experimentally via interchromophore bridge control in covalently linked tetracene dimers. [69] As shown in Fig. 1(b) , in the absence of exciton-phonon coupling, the S 1 population exhibits purely Rabi oscillations (green line), due to strong excitonic coupling. If only diagonal exciton-phonon coupling is added, the picture is changed drastically (blue line), and the system becomes trapped in the TT state. This rapid, irreversible decay of the Rabi oscillation in the SF process is owing to dissipation induced by diagonal exciton-phonon coupling, in agreement with decay dynamics in the ultrafast charge transfer process at an oligothiophene-fullerene heterojunction. [70, 71] However, efficient SF is not found under the influence of off-diagonal exciton-phonon coupling if excitonic coupling is strong (See the Appendix).
In particular, for recently developed iSF materials, such as covalent pentacene and diazadiborine dimers, [37, 40, 42] excitonic coupling strength is often smaller than the transition energy, so we choose J S1,TT = 20 meV and ǫ S1,g − ǫ TT,g = 100 meV in our iSF dynamics study. Off-diagonal coupling has been found for lowfrequency phonon modes in teracene, [24, 54, 68] and high-frequency phonon modes in covalent chromophore dimers. [37, 40, 42] In order to further explore effects of off-diagonal coupling on iSF, we examine time evolution of singlet population as functions of ω diag and ω o.d. . Fig. 2 shows snapshots of singlet population at t = 100, 250, 500, and 2000 fs. On one hand, a single phonon mode of ω diag = 80 meV brings about a single efficient channel for SF dynamics in the absence of off-diagonal coupling. [46] On the other hand, Fig. 2 clearly exhibits some channels for rapid SF dynamics due to the presence of off-diagonal coupling, despite a complex dependence of efficient SF on ω o. Fig. 2 via several fission channels, including that around ω diag = 80 meV. Fig. 4 shows the time evolution of singlet population for ω o.d. = 60 meV and various values of ω diag . The magenta line of ω diag = 80 meV in Fig. 4(a) and the green line of ω diag = 140 meV in Fig. 4(b) exhibit fast decay dynamics. However, SF dynamics for both cases is much slower than that in Fig. 3(a) , because the interplay between fission dynamics and the mode ω diag = 80 meV is drastically affected by the introduction of the mode ω o.d. = 60 meV. What is shown in Fig. 4 is compatible with the SF mechanism with two diagonal coupled phonon modes, [46] in which inclusion of a second phonon mode creates a new SF channel, and if there is only diagonal coupling, shifts the optimal phonon frequency that promotes SF dynamics. However, in the presence of off-diagonal coupling, the SF channel around ω diag = 80 meV is found unchanged. As for the third region, SF dynamics is mainly facilitated by the high frequency phonon mode ( ω o.d. ), as shown in Fig. 2 . Comparing to the first and second region, efficient SF in this region is found to be dependent on a larger number of phonon modes, in qualitative agreement with the dependence of SF on multiple phonon modes in covalent tetracene dimers. [37] phonon coupling. Moreover, the SF time increases with increasing ω diag .
In conclusion, we have developed a model of iSF dynamics including simultaneous diagonal and off-diagonal exciton-phonon coupling. Following the Dirac-Frenkel time-dependent variational principle, we provide an accurate description for iSF using the multi-D 2 Ansatz, a superposition of the usual Davydov D 2 states. To our knowledge, diagonal coupling has been reported to aid efficient SF if excitonic coupling is weak, [19, 46] and it has also been shown in this work to facilitate efficient fission if excitonic coupling is strong. Furthermore, we have demonstrated for the first time that off-diagonal coupling plays a crucial role in the fission process only if excitonic coupling is weak. It is determined that iSF dynamics strongly depends on the frequency of phonon modes in the presence of off-diagonal coupling, and highfrequency phonon modes result in efficient iSF even if the off-diagonal coupling strength is weak. Multiple SF channels can be created by the simultaneous presence of diagonal and off-diagonal coupling. Thus a unified framework has been provided to capture the effects of diagonal and off-diagonal coupling on SF dynamics. Results presented here may help provide guiding principles for design of efficient singlet fission materials by directly tuning singlet-triplet interstate coupling.
Appendix A: Modeling intramolecular vibration
The electronically diabatic Hamiltonian for the electronic ground state, the singlet state, and the correlated triplet pair state is given bŷ H = n=g,S1,TTĤ n (x)|n n| + m=S1,TT n =mÛ mn (x)|m n|, (A1) whereĤ n (x) denotes the diabatic Hamiltonian for the vibrational degrees of freedom (DOFs), x, when the electronic system is in state |n .Û mn (x) represents the interstate coupling between S 1 and TT. The excitonic coupling,Û mn (x), is modulated by vibrational DOFs, and the vibrational dependence ofÛ mn (x) gives the offdiagonal exciton-phonon coupling, as shown below.
The electronic energy of each diabatic state experiences modulations by the intramolecular vibrational motion. Fluctuations in the electronic energies of the diabatic states are quantified by collective energy gap coordinates aŝ
where the canonical average, Ô n = Tr{Ôρ eq n } witĥ ρ eq n = e −βĤn /Tr{e −βĤn }, has been introduced for any operatorÔ. Here β is the inverse temperature, 1/k B T . The reorganization energy associated with the transition from |m to |n can be given as
where ǫ
• m denotes the equilibrium energy of the diabatic state |m , namely ǫ
For photo-induced SF processes, the reaction coordinate associated with the initial photoexcitation,û S1,g , and the coordinate for the subsequent SF,û TT,S1 , are required. Although the equations may involve statistically orthogonal components of fluctuations, both are described by the same component of fluctuations (onedimensional reaction coordinate model),
with η TT,S1 = cos θ TT,S1 = ±1. η TT,S1 = 1 (−1) corresponds to positive (negative) correlation between S 1 and TT, andÊ x is normalized as
where Ô 1 ;Ô 2 g denotes the canonical correlation of two operatorsÔ 1 andÔ 2 , and
−ηHgÔ 2 g . Here we assume that the vibrational DOFs, x, can be modeled as a set of harmonic oscillators, and the reaction coordinatesÊ x have Gaussian fluctuations. Thus, the reorganization dynamics can be characterized by the relaxation function in term ofÊ x ,
whereÊ x (t) = e iHgt/ Ê x e −iHgt/ . In this work, we consider a single intramolecular vibration in molecular dimer, with frequency, ω diag , and Huang-Rhys factor, S m,1 = λ mg /( ω diag ). The functional form of the relaxation function is modeled as the underdamped Brownian oscillator model,
where γ diag is the vibrational relaxation rate, and we have
In the same fashion as in the diagonal fluctuations, we consider the fluctuations in interstate coupling between electronic states. Flutucations caused by the vibrational motion are described by the collective coordinate aŝ
where J mn = Û mn (x) g denotes the coupling constant of averaged interstate coupling between two electronic states. For a unified treatment, we defined the normalized reaction coordinate,Ê y , as followŝ
where Ê y ;Ê y g = 2/β, and λ
mn is the amplitude of vibrationally induced fluctuations in interstate coupling between electronic states. Huang-Rhys factor for offdiagonal coupling is S o.d.
. The dynamical process can be characterized by the relaxation function in term ofÊ y ,
whereÊ y (t) = e iHgt/ Ê y e −iHgt/ . The functional form of the relaxation function is modeled as the underdamped Brownian oscillator model,
where γ vib2 is the vibrational relaxation rate, andω o.d. = (ω To quantify the accuracy of the variational dynamics based on the multiple Davydov trial states, we introduce a deviation vector δ(t) defined as
where the vectors χ(t) and γ(t) obey the Schrödinger equation χ(t) = ∂|Ψ(t) /∂t = 
. Thus, the accuracy of the trial state is indicated by the amplitude of the deviation vector ∆(t) = || δ(t)||. In order to view the deviation, a dimensionless relative deviation σ is calculated as
where N err (t) = || χ(t)|| is the amplitude of the time derivative of the wave function,
Appendix C: The multi-D2 Davydov trial state
We first test the accuracy of our multi-D 2 Ansatz with parameters for realistic models. The relative deviation σ (Eq. B2) is used to quantify how faithfully our result follows the Schrödinger equation. As shown in Fig. 6 , the largest relative deviation σ is found for the single D 2 Ansatz, and the relative deviation σ decreases and goes to zero as the multiplicity M approaches infinity. The log-log plot of (σ, 1/M ) (inset) indicates a powerlaw relationship with an exponent of µ, further inferring a numerically exact solution in the limit of M → ∞.
In order to further support the accuracy of our results obtained by the variational approach, we compare the zero-temperature dynamics obtained by the multi-D 2 Ansatz with the multilevel Redfield results at T = 1K. As show in Fig 7, Ansatz is in quantitative agreement with the multilevel Redfield results, yielding a much more accurate result than that with the single D 2 Ansatz. In addition, the relative deviation σ in this case is smaller than 0.1, small enough to guarantee the accuracy of the result by the multi-D 2 Ansatz. From the viewpoint of theoretical analysis, these calculated results satisfy the energy matching condition (ν − 0.7) ω diag = 50 meV in the case of ν = 2, which is obtained from the Fermi golden formula at the zero temperature limit and the slow vibrational relaxation limit, namely, γ diag → 0, where χ S1 0 |χ T T 0 2 is the Frank-Condon factor associated with the vibronic transition from the 0-th vibrational level on the S 1 to the νth vibrational level on T T . [46] Thus for the case shown in Fig. 7 , the transition from S 1 to T T is driven by the phonon mode at around ω diag = 40 meV satisfying the condition in which the energy of S 1 including the vibrational energy matches its counterpart in the T T state.
The computational time and memory consumption for the variational method is also investigated to gain an understanding of the computational cost. As shown in Fig.8 , a power-law increase of the run time has been found for the variational approach against the multiplicity M of the multi-D 2 trial states. In the calculation, time constant of the vibrational dephasing is set to be γ If excitonic coupling is strong, efficient SF is not found under the influence of off-diagonal exciton-phonon coupling, though both diagonal and off-diagonal coupling could aid efficient SF if excitonic coupling is weak. As shown in Fig. 9 , when excitonic coupling is strong, the off-diagonal coupling is not able to trap the system in the TT state, and thus no efficient SF is obtained. The equations of motion for f iq are
-
